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The acoustic field of an ultrasonic :measuring sys tem having symmet r i ca l  t ransmit t ing and 
receiving devices is analyzed. The fundamental field equation is derived, along with relat ions 
for  the diffraction-induced phase changes and amplitude of the informat ion-bear ing signal.  

For  acoustic field investigations we adopt a symmet r i ca l  sys tem [11 having identical piston-type 
t ransmit t ing and receiving devices,  which are  separated by a distance x grea te r  than their  d iameter  and 
much grea te r  than the acoustic wavelength X. 

The determination of the pa ramete r s  of an acoustic field requires  that the wave equation for  an in- 
finite elast ic medium be solved: 

A 4 + k24= O, (1) 

in which ~j is the par t ic le -ve loc i ty  potential and k is the wave number,  which is equal to 27r/X. 

To simplify the analysis we assume that the investigated medium is perfect ly  elastic,  homogeneous, 
and isotropic.  The attenuation a of ultrasonic waves in the medium can be taken into account by the addi- 
tion of an imaginary  component ia to the wave number k. 

The boundary conditions state a uniform distribution of the par t ic le -ve loc i ty  amplitude U0ex p (i cot) 
over  the frontal  surface of the t r ansmi t t e r  as it executes harmonic oscillations at a cyclic frequency co, 
and the absence of those oscillations outside the t ransmit t ing disk of radius a: 

x=o for r > a. 

By the separation of variables and representat ion of the par t ic le -ve loc i ty  potential in a cylindrical  
coordinate sys tem in the form ~ = $1(r) $2(x) we t r ans fo rm the wave equation (1) into the following set of 
equations : 

d~*l + 1 d4~  + ~241 = 0, 
dr 2 r dr 

d~ 

(2) 

in which ~] is a pa r ame te r  independent of the coordinates .  

These equations have the general  solutions 

41 (r) = eflo (~lr) + e~No (~lr), 

42 (x) = e~ exp (-- x V~2 ~ k 2) + e~ exp (x V ~ ) ,  

where el, e{, ~2, and e~ are  a rb i t r a ry  constants.  
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Since the z e r o - o r d e r  Neumann function i nc rea se s  without bound as r -- 0, while the pa r t i c l e -ve loc i ty  
! 

potential  must  maintain a finite value on the t r a n s m i t t e r  axis ,  we must  se t  e I equal to zero .  At an infinite 
dis tance the wave is comple te ly  extinct,  and exp (x - -  oo, so that  e2 = 0 as well .  

Consequently,  the pa r t i cu l a r  solutions of the wave equation r e p r e s e n t  the products  of z e r o - o r d e r  
Besse l  functions elJ 0 (~ r) and exponentials  e2 exp ( -  ~ ' Z - ~ ) ,  in which the independent p a r a m e t e r  ~? is in- 
de t e rmina te .  Fo r  radia t ion into a ha l f - space  this p a r a m e t e r  va r i e s  continuously, a s s u m e s  any values,  and 
de t e rmines  the pa r t i cu l a r  solut ions.  The sum of infinitely many of the l a t t e r ,  compr i s ing  the genera l  
solution of the wave equation, is wr i t ten  in in tegral  f o r m :  

, (r, x) : -  i ele~J~ @lr) exp (--  x V ~1 ~ --7 k ~ ) dvl. 
0 

(3) 

In the express ion  obtained fo r  the pa r t i c l e -ve loc i t y  potential  the .product gig 2 of a r b i t r a r y  constants ,  
given the boundary condition 

0 

J0 01r) ~]d,1 = U0 exp (ioJt) for 0 ~. r < a 

can be evaluated according  to the Hankel invers ion equation: 

a 

~1 ~ U o exp (io)t) Jo Olr) rdr = aU~ exp (i(ot) 
e ~  --  V n ~ - k  ' V n ~ - ' ~  J~(na). (4) 

0 

The p a r a m e t e r s  of the in fo rma t ion -bea r ing  (useful) signal f r o m  the u l t rasonic  measur ing  s y s t e m  a re  
de te rmined  by the ampli tude and phase  of the ave rage  acoust ic  p r e s s u r e  on the r e c e i v e r ,  p, which is 
e x p r e s s e d  in t e r m s  of the acoust ic  p r e s s u r e  p(r ,  x) at s epa r a t e  points of the a x i s y m m e t r i c a l  acoust ic  field 
in a plane orthogonal  to the t r a n s m i t t e r  axis :  

-p = - ~  j~' p (r, x) rdr. 
0 

(5) 

F r o m  expres s ions  (3)-(5), using the re la t ion between the acoust ic  p r e s s u r e  and pa r t i c l e -ve loc i t y  
potential ,  p (r ,  x) = ik (p0/U0)$ (r ,  x), we de te rmine  the functional dependence of the ave rage  r e c e i v e r  p r e s -  
su re  on the coordinate  x and p a r a m e t e r  ~ : 

Qo 

S exp( io t - -x  ~/ ~l~--k ~ ) Y2Ola) d~l, (6) 
= 2ikap~ V ~l 2 - -  k2 ~la 

0 

where  P0 is the acoust ic  p r e s s u r e  ampli tude on the f ronta l  su r face  of the t r a n s m i t t e r .  

Reducing the power  of the f i r s t - o r d e r  Besse l  function in express ion  (6) by the t r ans fo rma t ion  [2] 

J~ ~la(na) 4~ j~ sin ~ cos 2 [3 J1 (2qa sin 8) dlB 

0 

with the introduction of the va r i ab le  of integrat ion g, we a r r i v e  at the r e su l t  

-p = 4ikp~ exp (imt) ,f c~ ~ d~ b exp (-V X~l ~v j_~l 2k~- k~ ) J1 (b~l) d~l, 
0 0 

(7) 

in which b = 2a sin N. 

The i m p r o p e r  in tegral  in Eq. (7) is evaluated by multiplying the le f t -  and r ight -hand sides of the 
following w e l l  known type of re la t ion in the theory  of Besse l  functions by rd r :  

exp(--xV'  ~12-k ~) JoO] r)~ld~]= exp(- - ikV x ~ + r  2 ) 
�9 1/~l  2 - k  ~ ~/ x ~ + r  ~ 
0 
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and integrating them f rom 0 to b: 

f b e x p ( - x V  Tl~--k 2) J1 (b~l) d~l = _[_llv [exp (-- ikx) 
V k* 

0 

- -  exp (-- ik ~ x ~ + b ~ )]. (8) 

F r o m  express ion  (7) and (8), substituting the variable of integration /3 = 0/2, we deduce the initial 
formula  for  the average  acoustic p r e s su re :  

p--poexp [i (cot--kx)]--. ~P~ exp (icot) ~ ( 1 + cos0) exp (--  ik Vx~ - 2 a  ~ cos{~) dO, (9) 
* J  
0 

in which x 1 = 4r~x z + 2a 2. 

This formula  indicates that the average  p r e s s u r e  on the r e c e i v e r  has two components,  the f i r s t  of 
which cor responds  to a plane wave having an infinite f ront .  The second component cor responds  to d i f - -  
f rac ted  waves,  and its value Pd de termines  the diffraction variat ions of the amplitude and phase of the 
useful  signal.  

Replacing the radical  in the exponent by a power se r i e s  with four  t e rm s  retained in the expansion, we 
t r ans fo rm the diffraction component as follows: 

$t 

- -  {' exp [i (q cosO-- ysin~O)] (1 + cos O) dO, (10) Pd = PO_ exp [i (cot - -  kx - -  q)] 
J 
0 

where  

ka-----~-~ I + and ? = 2---~--1 1 -1- 2 - - - - ~ 1  ~ . 
q =  xl 

Then, replacing exp ( - i  T sin20) by a power s e r i e s  with l t e rm s  of the expansion and executing ap-  
propr ia te  t ransformat ion ,  we find in place of the integral  on the r ight-hand side of Eq. (10) a set  of 2l + 6 
integrals  of two types,  expressed  d i rec t ly  in t e rm s  of gamma functions and Besse l  functions:  

~ e x p ( i q c o s O ) s i n ~ O d O = F ( + ) F ( m - t - + ) ( - ~ - q - ) r a J r ~ ( q ) ,  

0 

~exp (iq cosO) sin *m 0 cos OdO = in Jra+i (q) 
(2m + 1) qm 

0 

with indices m = O, 1, 2 . . . . .  l + 2. It is ver i f ied by analysis that when the inequalities 

2a ka___~ 4 
--~---~ 1 and 2x~ -~x 

hold, the values of the integrals  with nonzero indices can be neglected on account of thei r  smal lness ,  and 

Pz = --  Po exp [i (cot --  kx --q)] [10 (q) + ill (q)]. (11) 

The fundamental equation for  the acoustic field on an ul t rasonic measur ing  sys tem with allowance for  
attenuation can the re fo re  be represen ted  in the fo rm 

3. ) - -  ctx { 1 - -  [J0 (q) + iJ~ (q)l exp (-- iq)} 

o r  

- P = e p ~  r176 2n----Lx + ~ ' ) - - a x ]  ' k  (12) 
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w h e r e  

e = t / 1 + ./~ (q) + J~ ( q ) -  2 [Jo (q) cos q + J1 (q) sin q] 

9 '  = arctg J~ --Jx(q)c~ 
1 -t- J~ (q) sin q - -  Jo (q) cos q 

(13) 

(14) 

These relations make it possible to determine precisely the diffraction attenuation e of the amplitude 
and the phase shift ~0' of the useful signal from an ultrasonic measuring system. The results of calcula- 
tions of these parameters exhibit good agreement with experiment. 

lo 
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